A PDEs system, describing the expansive growth of a benign tumor and the phenomenon of encapsulation, is studied via a group analysis approach. A weak equivalence classification is obtained and the original PDEs system is reduced to an ODEs system. Numerical simulations are performed both for ODEs and PDEs, which turn out to be in perfect agreement between each other, showing a realistic enough description of the biological process.
Introduction
In this work exact solutions of a nonlinear system of PDEs, describing the formation of a capsule around a benign tumor, are searched in the framework of group analysis. By assuming the hypothesis of spherical symmetry in the process of encapsulation for the tumor cell density u(r, t) and the extracellular matrix density c(r, t), the following 3-D evolution system arises as an extension of a previously proposed 1-D model 1 : 
Here f (u), h(c) and θ(c) are three arbitrary nonnegative continuously differentiable functions, representing respectively the source term, the reduction of the cell motility at high matrix densities and the effect of saturation on the rate of matrix movement and convection per cell at high matrix densities. Moreover, they are supposed to satisfy the following constraints 1 :
Lie symmetries approach to find exact solutions of (1) was proposed in 2 . The plan of the paper is the following: in section 2 the main ingredients of the weak equivalence transformations are recalled and the weak equivalence classification is obtained in correspondence to the different choices of θ(c). In section 3 the given system is reduced to an ODEs system and numerical simulations of its solutions are performed. The material in section 4 is new and provides a direct comparison between the reduced ODEs and the original PDEs. In fact an appropriate numerical scheme to solve equations (1) is introduced and, for the same set of initial data, numerical solutions of PDEs system are computed. Finally, a comparison with the results of section 3 is given.
Weak equivalence transformations ad classification
Lie invariance classification 3 will be performed determining the groups of weak equivalence transformations with respect to h(c). Since (1) is a second order system, the prolonged operator Γ * in the second order jet-space has the form Γ * = Γ + Γ (1) + Γ (2) , with Γ = ξ ∂h , where the coefficients ξ i , (i = r, t, u, c, h), depend on r, t, u, c, h and the coefficients of Γ (1) and Γ (2) are calculated via the prolongation formulas (see 2 ) . To obtain the determining system one requires that (1) remains invariant under the action of Γ * along the set of its solutions. The weak equivalence classification gives rise to the following classes, corresponding to the different choices of θ(c): Table 1 .
Lie symmetries and solutions in a case of biological interest
By applying the Projection theorem 3 , one finds the following invariance classification of symmetries in the (r, t, u, c) -space: Table 2 .
The explicit calculations are shown for the infinitesimal generator Γ = r 
is an odd integer in order that h(c) satisfies the conditions (2) . By solving the characteristic equations:
the following basis of invariants is obtained:
The new independent variable is chosen to be σ = I 2 , hence the invariant solutions are:
Substituting the above expressions in the system (1), it reduces to the following system of ODEs:
In order to perform the numerical simulations of this ODEs system, in which f (U ) is still arbitrary, a logistic growth of the tumor cells is supposed, i.e. f (U ) = U (1 − U ). By imposing initial conditions corresponding to a localized population of tumor cells the numerical solutions are obtained, as illustrated in figures 1-2. The above simulations reproduce the process of the formation of the capsule of dense extracellular matrix around the tumor.
As one could expect on the basis of the spherical geometry of the model the peak of the wave representing the extracellular matrix which not change in time.
Numerical solutions of the PDEs
In this section numerical solutions of the original PDEs system (1) are computed. The presence in the system of first and second order terms makes difficult the choice of an appropriate numerical scheme for the original PDEs. In order to guarantee the conservation of c(r, t), the following spatial discretization is proposed:
in which δ is the spacing of a fixed spatial grid; u i and c i are the values of u and c respectively at the N grid points; r i = iδ; u r,i±1/2 denote the partial derivative calculated using central differences; Ψ(c) = c θ(c)h(c) and
; Υ is the indicator function (i.e. Υ(true) = 1, otherwise 0). The convective term in (1b) is discretized by using upwinding form in the standard way 4 , which takes into account the CFL condition for the convergence of a difference approximation in terms of the concept of a domain of dependence. It is straightforward to verify that this scheme preserves conservation of c.
To make a direct comparison between the numerical solutions of ODEs (figures 1-2) and the numerical solutions of PDEs, we observe that at t = 0 the similarity variable σ coincides with r. Thus, the system (4) is solved by imposing the following initial conditions:
The results of numerical simulations shows a perfect agreement between numerical solutions of PDEs and that of ODEs, as can be seen in figures 3-4. 
Conclusions
A system of nonlinear partial differential equations for the densities of tumor cells and extracellular matrix, describing the process of tumor encapsulation in 3-D spherical geometry, has been analyzed by using the Lie symmetries approach. A wide class of symmetries was obtained via weak equivalence classification and the given system was reduced, in a particular case, to a system of ODEs. Biologically relevant numerical solutions are found and they are compared with numerical solutions arising from an appropriate numerical scheme for the PDEs system. The stability of the above given solutions should also be tested adding terms deriving from the hypothesis of non perfect spherical symmetry, or changing the source term f (u). This will be the object of future investigations.
